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INVARIANTS OF BINARY FORMS UNDER MODULAR 
TRANSFORMATIONS* 

BY 

LEONARD EUGENE DICKSON 

For a non-modular field F and a binary form f with coefficients in F, the 
problem of the determination of functions of the coefficients and variables of f, 
invariant under all binary linear transformations in F^ is formally identical 
with the corresponding problem of the ordinary algebraic invariant theory. 
But for a finite modular field the problem is essentially different ; the terms of 
an invariant need not be of the same degree nor of constant weight ; the anni- 
hilators are quite complicated, involving higher partial derivatives. Fortunately, 
the difficulty in the direct computation of the invariants is in marked contrast 
with the regularity observed in the actual form of the invariants and with the 
simplicity of the relations between the invariants, common to the algebraic and 
modular theories, and the additional invariants peculiar to the modular theory. 

In the study of the invariants of a given quantic in the Galois field of order 
^", we have a doubly infinite system of problems, corresponding to a single 
problem in the algebraic theory. Interest naturally centers in a comparative 
study, rather than in the individual problems. The aim of the present paper 
is to give in correlation the results of a rather extensive comparative study. 
Formal proofs of the laws observed are given only in a few instances. It is 
hoped that proofs of the remaining properties observed will become more prac- 
ticable when a satisfactory symbolic treatment is constructed. 

Since there is evidently only a finite number of linearly independent invari- 
ants /of a given binary form of degree m in the G'J''[p"], each set of num- 
bers m, n, p uniquely defines a commutative linear associative algebra, whose 
units are these invariants /. 

In the final sections of the paper, application is made to the invariantive 
reduction of binary quantics to canonical forms.f 

* Presented to the Society at the preliminary meeting of the Sonthwestern Section December 1, 
1906. Beceived for publication December 19, 1906. 

t The invariants of A;-ary qoadratio forms are treated in papers to appear in the Proceedings 
of the London Mathematical Society and the American Journal of Mathematics. 
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1. Theorem. The hinaryform* with coefficients in the GF[^p'''\, 

TO 

(1) /=E«*a''"-VS 

has the absolute invariant 

(2) ^=n(«r-i), /*=i>"-i. 

Here and below we employ the generators {t,\ any marks 4= ^ ) 

(3) x = x + ty\ y = y; 

(4) x = x', y= \y'; 

(5) x = y\ y= — x; 

of the group of all binary linear transformations with coefficients in the 
GF[p'''\. Under (3) f becomes a form f with the coefficients 

i-i 

(6) a'^ = a^, a[ = a^ + mt.a^, ..-, «; = a^ + Z)C'™-i,w<*~-'a,-» •••• 

Under transformations (4) and (5) we have, respectively, 

(7) a\ = X'a. (i=o,l, •••,«»), 

(8) a:. = (-ir-'a_, (i=o,l, ••.,».). 

Under the replacements (7) and (8) the function (2) is unaltered, since X" = 1 
for every mark \ 4= , Consider next the replacement (6). The first factor 
af — 1 is unaltered. Then, since ( af — 1 ) a^ = , 

(«r-i)«''-i) = («?-i)(«r-i + M) = («„^-i)(«r-i)- 

The proof may be completed by induction from i — \ to i. Let 



p.^nc^;-!)- 



J=0 

Then 

P\ = P.-x{< - 1) = Pi-Mt - 1 + ^o«o + B,a,+ ... + B,_,a,_,) 

2. The absolute invariant (2) has a simple interpretation. According as 
o 4= or a = , we have a" — 1 = or — 1 . Hence the form f vanishes 
identically if and only i/ / 4= . 

* We do not at present introdnoe binomial ooefSoients Cmi, some of wliioh are divisible by p 
for certain Talnes of m and p. 
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Frequently a property expressible by a single invariant in the modular theory 
requires in the algebraic theory the use of a covariant or else an invariantive 
simultaneous system of equations. A less obvious instance relates to the minors 
of the determinant of a ^-ary quadratic form. 

3. Theorem. For m a power ofp, the binary form (1) q/" degree m with 
coefficients in the Gi''[p"] has the absolute invariant 

m—l 

(9) p=n(«?-i), M^p--i. 

The proof is similar to that in § 1. We now have 

Cmi^O (moAp) (i = l, ■••,m-i), 

so that there is no term a^m a[ {i = l, • • • , m — 1 ) in formulae (6). 

4. An obvious invariant of /"is the eliminant JE of 

/=0, a;'- = a;, y^ = y. 

For example, let m = 3 , ^'' = 3 . Multiply y* by ccy, a^y^ and a;' in turn and 
reduce by means oix^ = x, y^ = y. The corresponding equations 

a^x + a^x'y + a^xy^ + a^y = 0, (a^ + a^)«'y + («, + a^)^'' =-- 0, 
(«i + ai)^y + («o + cfz) V = 0» %^ + («i + ai)a?y + a^xy"^ = 0, 

have the eliminant, identical with (17) of § 9, 

Evidently, E=a^R, where R is the resultant of 

/i = a„+ajy + ... + o„2/"'=0, y'^ = y. 

By the elimination of l,y,y^, ■■ -, yp'-^ by Sylvester's dialytic method, we 
obtain for H a determinant of order p" in which each element in the main diag- 
onal is a^. The numerical factor is thereby determined so that S = a^" + • • •. 
Except in the simplest cases, it is more convenient to have F expressed as 
the product of the linear functions obtained from /"by giving to x,y the p" +1 
sets of values 0,1; and 1 , /», where p ranges over the marks of the fie-i : 

-£'= a„n(a, + ffli/a + 1- «„/'"'), P ranging over the GFlp'} . 

For the case of quadratic forms (w = 2) in the GFlp'']^ , simple expres- 
sions may be given to E. For p=2, E = a\xi where % is the absolute 
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invariant given by (20). For p > 2 , 

Note, in verification of this result, that^ = has a root in the field if, and only 
if, the discriminant A is zero or a square, so that ^ = if, and only if, 

A(Al(P"-'>-l) = 0. 

For cubic forms, consider first the case J9" = 3'. 

We define the GF [ 9 ] by the primitive irreducible congruence i* = i + 1 
(mod 3); then the marks ^ are 1, i, i^, i', and their negatives. Hence 
E — a^a^ir , where 

TT = n {(a, + a/)» - (a^p + a/f } (p = i, i, i\ »») 

Forming the product of the factors given by p = 1 , P, and those given by 
p = i, i^, we get, since i* = — 1 , 

■„-={(al + fif-{al+af}{(al-fiy + {ar-ay} 

= (aj + ala + /3^)^ - (a* + aJ/3 + a^. 

Since a^a^(al — a,) = in the field, are readily obtain the result : 

For 2> 4= 3 , we shall employ the cubic form (40) with binomial coefficients. 
Then TT is the product of the functions a„ 4- 3a,/) + Sajr' + a^\ p ranging over 
the marks 4= . For p" = 2 , 2% 2', the expressions for tt and E are given in 
§23. For;)"=6, 
TT = (aj - o^ - afl^y - (al - al + a„aj 

= al — a\-\-a\ — a\-Jr ''^a\a\ — 'ia\a\ + '2'%a^a\ — 2a^a,aj + 2a,a^a, — 2a„ajaj, 

so that E is given by (90). For^" = 7 , it is convenient to set 

a = al-al, p^a^a^+ial, 7 = -a„a,-2aJ. 

Forming the product of the factors by twos, viz., those with p = ± 1 , those 
with /3 = ± 2 , and those with /» = ± 3 , we obtain the interesting result : 

7r=(a + /8 + 7)(a+2/3 + 47)(a + 4/3 + 27) = <r'+/S» + y-3a/37 (mod 7). 

The resulting expression for E is given, by (93). 
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6. Theorem. The weights o- = ej + 2ej + • • • + ine^ of the various terms 

of an invariant ^ differ by multiples of /i = p' — 1 . 

Here and in § 6, let ^ become (f>' = 2)^0 under every binary transformation 
of determinant D. Consider the special transformation (4) in which \ is a 
primitive root of the GF [ ^" ] ■ In view of (7), the above general term of ^ is 
multiplied by X" . Hence 

\' = \^, a=d (mod/*). 

6. Theorem. The degrees p of the various terms of an invariant differ 
by multiples of ft/S, where S is the greatest common divisor of m and 
li= p" — 1 . Further, mp — 2a- is a multiple of (i . 

For the transformation x = Xa;', y = \y\ we have a< = V^a.. Hence a term 
of degree /> of ^ is multiplied by X"'' , so that mp = 2d (mod fi ) . 

7. The differential operators which annihilate an invariant are here more 
complicated than in the algebraic theory. This is due primarily to the fact that, 
in a series of powers of an arbitrary mark t of the G'JP[jp"], certain terms now 
combine, viz., V , «<+" , **+^'' , • • •, where /* = p" — 1 . Since a'^ = a for every 
mark a , we may assume that the exponent of each a^ in an invariant does not 
exceed fi . Then, for the case n=l, we can employ Taylor's theorem for 
the expansion of a polynomial of degree n=p — 1, 

'^(a-i- t) = y^{a) + tf(a)+ \- ^t*it<-'>(a) + \- —^f^y^^^a), 

since the denominator i! is prime to the modulus p. The case n> 1 appar- 
ently (cf . § 10) offers a theoretical difficulty ; it actually presents a difficulty 
from another source (§ 12). We therefore begin with examples illustrating 
the simpler case n = l. 

8. For the first illustrative example, consider the form 

(11) a^x' + a^xy + a^y^ , 

in which the coefficients are integers taken modulo 3. Under the transforma- 
tion (3), ttj and a^ receive, in view of (6), the respective increments 

flj = 2to„, flj = toj + fa^. 

Let ^ be a polynomial in o^, Cj, a^, with exponents =2. By Taylor's the- 
orem. 
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where ^„2„j denotes d^^jdaida^, etc. Then ^' — <f) = tB<f) + fB^<f), where 

8i</)= ao</>as+2ao^„f+2aoai^a,aj-(a?+«f)<^ai+2a„^afa,+2ao«i<l>a,ai 

A necessary condition for ^' = <^ is S<^ = . This condition is also sufficient. 
Indeed, if [S^] denotes B<f> in reduced form, i. e., with every exponent = 2 (in 
virtue of a^ = a ), then S [ 80 ] = Sj ^ . To verify the latter, note that if yjr is 
a reduced function of a, viz., yjt = ra' + sa + t, then [a^/^] = r-a + so' + ta, 
and [at/r]^ = aylr^+^jr—ylr^ (mod 3 ) . Again, if % = sa+t, [a^x] = sa+ta\ 
and 

[«^%].^«^X„+(«'U + X„ (mod 3). 

Proceeding to the computation of the invariants, we may set 

0,1, 2 

4> ^ ^ -^ij^i ^2 ( -^y quadratic functions ot Oq). 

Employing the annihilator S and giving to B^ its reduced form [S</)] with 
exponents = 2, we require that [3^] = 0, identically in a,, a^. Among the 
resulting conditions occur 

^^^=0, A,, = 0, A,,a, = 0, A^a, = (mod 3). 

In view of these, the remaining conditions reduce to 

■^21% ~ -^22 ~ -^02 = ^' -^20*^0 + -"21 + -^01 "~ -^21 '''o "" "^02^ — '^ * 

From A^^a^ = we get A^ = r(a„ — 1 ), where »• is a constant. The term 
ra\ a\ a\ is unaltered by transformation (4), so that r = unless <^ is an abso- 
lute invariant. In the latter case we replace </> by </> — rl, where / is the 
invariant given by (2). In either case, it remains to consider ^ with A^^ = . 
Under transformation (5), 

(8') ao = «2i a[=-a^, «; = «„• 

This replacement must leave </> unaltered. But by A^ = , a, a^ is a factor of 
no term of <^ . Hence a\ al is a factor of no term of <^ . We may therefore set 

-4jj = a + ^ag, A^ = \ + fia^ («, /3, A, /i constants). 
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Similarly, by A^^ = , fflj aj is a factor of no term, so that A^^ = . The above 
long conditions now give 

A2 = ««o + ^«o» A^^= —a+ (^_X)a„— (a + /i)a^. 

The conditions that <j) shall be unaltered by (8') are /* = a, -4^, = A; — aa^, k a 
constant. Hence 

where 

(12) Q = a^al + ala^ + a\a^ ->t a\a^— a^— a^. 

The coefficient of X is the discriminant A = af — a^Oj, that of /8 is congruent 
to A^ — A. As the linearly independent invariants of the quadratic form (11) 
modulo 3, we may take I, Q, A, A^, Now J= Q^ + A" — 1. As the inde- 
pendent invariants we may take Q and A . 

9. Consider the binary cubic ( 1 )„^3 with integral coefficients modulo 3. The 
discriminant A and (9) give the absolute invariants 

(13) A = aX-«o«2-«i«3. P = (aJ-l)(a^-l). 
Hence there is an absolute invariant of the second degree : 

(14) K^A-P+l = al + al-a,a,-a,a,. 

In view of (6), a^ and a, are unaltered by transformation (3), while a^ and a, 
have the respective increments 2ta^ and < ( a„ + a^ ) + t^a^ . The coefficient of 
t in <f>' — <f> gives the annihilator 

,-, . s ^"l'^« + ( «0 + «2 ) "^a, - «!</><.»<., + «1 ( «0 + «2 ) -^ai - "i ( «6 + «2 ) «^ai«, 

(15) 

+ {aj + a^{a^ + a,y}<f>^i - a,{a^ + a^)<f>,,„^. 

By §§5, 6, the terms of an invariant <f> are all of even degrees, while all are 
of even or all of odd weights. Further, by (5) and (8), <^ must be unaltered by 
the substitution 

(16) a'^=-a^, a'^ = a„, a[=a^, a'^ = — a,. 

Let first the weights be even, so that by § 5, e, = e, (mod 2) in every term 
of (f>. Then, in view of (16), <}> must have the form 

*(«o + «D + c(aj + al) + d{a„a^ + 0^03) + K«3 +/«i«2 + S'(«SOi + «2«s) 
+ ^{alal + a^al) +j{ala^a^ + aX«2) + *(«i«o«2 + «2«i«3) + ^«o«i«2«s 
+ m{alalal + ayy,) + n{aXal + alala]) + q{alala,a^ + alala.a,) 
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By subtracting from <^ suitable multiples of P, K, A^, and /, given by (2), 
we may a&t c = d = h = r = 0. Then (16) vanishes if and only if 

The coefficient of m is the absolute invariant 

T=al + a\- ala\ - ala\ - a\a\ - ala\ - a\a\ + ala^a^ + n^a^al 

+ %a^a^a^ + ala\al + a\ala\ —-ala^ala^ — %a\a,^a\. 
Finally, when the weights are odd, the possible terms are 

+ J{a\a^a^ — a\a^a^) + K{a\a^a^ — a^a^a^) + L{alala^a^ - alala^a^). 
The conditions that (16) shall vanish are B= G^ K= L = 0, «/= If. Hence 

(17) H = ala^a^ — ala^a^ + ala^a^ — o|a„aj 

is the only invariant of odd weights. By §§ 4, 27, the cubic form is irreducible 
modulo 3 if, and only if , ^ 4= . 

The relations between T and the remaining invariants are 

IT=0, PT = P-I, LT=I-P+T, ET=E, T^=T. 

We obtain the simpler relations * (19) by introducing W^ I — P + T, viz., 

(18) W=a\{ala\al - aja| - a^a\a^ + a^a^ - ala-^ -\-al- aja^al + 0,0^0,+ aja,). 

Theorem. As a complete set of linearly independent invariants of the 
cubic form modulo 3, we Tnay take I, P, A, A^, E, W. The product of any 
two invariants can, he reduced to a linear function of these six by means of 






r=I, IP=I, IA=IE=IW=0, P^=P, PA=PB=PW=0, 

(19) \ 

V ^ 1 ., . AJS' = ^, AW=W, E^=W, EW=E, W^ = W. 



10. The next illustrative examples relate to the invariants of a quantic in the 
GF[p'^'\, n> 1. We require the expansion of •^(a + <) in powers of <i 
where ■^{a) is a polynomial of degree at most /t=^'' — 1. This can be done 
by Taylor's theorem, the coefficient of f being the quotient obtained algebra- 
ically by dividing ^'*>(a), all of whose coefficients are exact multiples of il, 
by the number i\. Similar remarks apply to Taylor's theorem for two or 
more variables. 



* Conforming with the lelatioDS ( S 21 ) bet-ween the invariants of the onbio form in the 0^[9] . 
Note that / — P-\-T and — A — A< are the only invariants Wsatisfying the relations (19) involv- 
ing W. Hence there la a single invariant W which can replace T. 
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11. Consider the quadratic form (11) with coefficients in the GF^2"'\. 
Under the transformation (3), a^ and a^ are unaltered while the increment to a^ 
is toj + <*ag. Let ^ be a polynomial in a^, Oj, a^, with exponents = 2" — 1. 

Let first 71 = 2 . Then the coefficient of ^ in <^' — ^ equals 

ai<l>a, + alUM + «o«f [i</'«i]' 

where the indicated divisions of the derivatives by 2 and 6 are to be performed 
algebraically and the quotients only are interpreted in the GF [ 4 ] . If we set 

3 

<^ ^ ^ S^ Oj ( B's functions of ofo > "i ) . 

i=0 

the above expression for the coefficient of t becomes, in the G'jP[4] , 

a,{B, + B,a\) + al{B, + B,a,) + a,a\B,. 
This must vanish identically in a^. From a, B^ = agB^= we get 

^3= r(a* — l)(af — 1) (r = con8tant). 

The remaining condition * becomes a, 5, + aj 5j = . Replacing ^hy <f> — rl, 
where / is the absolute invariant (2), we may set B^ = 0. By (8), (jt must be 
symmetrical in a„ and a^. Hence no term of ^ contains the factor a^ or the 
factor al . By §§ 5, 6, the degrees p (and likewise the weights a) of the various 
terms of ^ differ by multiples of 3, and p = o- (mod 3). 

Let first p = o- = 0. Then <f> involves only the terms a\, a^a^a^, ala^al, 
so that 

Bg = la\, B^ = m%a^, B^=hala\. 

Then m = h by Cj 5, + aj 5^ = . The linearly independent invariants f are 

7, a\ , J= %a^ ttj + ala\ a\ . 

For /> = <r = 1, (^ involves only the terms a,, a^a\a^, (i'l<i\-, «o^f «2> so that 

B^ = 6a, , B^ = ca^a] , B^ = cZa^ + eaj af . 

By a, 5, + ao ^j = , we get d=Q, e = c. The invariants f are a, and a, J. 
The case p = o- = 2 may be reduced to the preceding by squaring, an operar 
tion here reversible. Hence the invariants are a\ and a\J. 

* The corresponding conditions from the coefficient of <* are Oj Bj =• Oo B, = , aj ^i + "i -Sj =• . 
Tbns the vanishing of the coefficient of t does not imply the vanishing of that of t' (but does 
that of «' , viz. , aj 5, + aj B, ) . In this respect the case of invariants in the QF[ J)" ] , n > 1 , 
appears to be in contrast to the case n =:: 1 . 

t The remaining conditions from (preceding foot-note) are satisfied. 
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For general n, we can prove (cf. §§ 4, 26) the following 

Theorem. The independent invariants of the quadratic form (11) in the 
GF [ 2" ] may be taken to be Oj (which is multiplied by the determinant of the 
transformation), I and the absolute invariant 



(20) x(«o«2<~')' «'^«'-e x(c) = c + c^ + c*+... + c^"-\ 

the last invariant being replaced by a^a^a^ in the case n=l. 

12. The illustrative examples employed thus far were chosen on account of 
their comparative simplicity. As the order of the GF [^" ] increases, the com- 
plexity of the computation increases very rapidly. Certain remarks will be 
found to be very useful. While, for w > 1 , certain divisions are called for in 
the definition of an annihilator S (see §§ 10, 11), the actual performance of the 
divisions can be dispensed with in the computation of 8^. For example, in the 
GFIS"] the result of operating on a term ajaja^^ by 1/3! 1/2! ff- /daedal is 
zero unless i = Z ,j = 2, while in the latter case the result is C^Cj^alal'^ a{~' . 
It thus suffices to have a table* of the residues modulo 3 of the binomial 
coefficients (7,, (r, 5 = 8). In view of this remark, the following permanent 
notations will be used for the terms of B(f), the notations not exhibiting the 
numerical divisors. We shall set 



1 a*^ /i„,N 1 ^''"^^> 



(21) (^ = neS^ (^'^'^ = ini 



da*, da{ ' 



etc. 



In the algebraic theory ^ is invariant under the special transformation (3) if, 
and only if, 8^ = , where S(/> denotes the coefficient of Hn </>' — ^ . The same 
theorem appears to hold in the modular theory when ri = 1 . In a few cases 
(cf. § 8), I have made a direct proof of this statement ; in very many cases I 
have secured indirect verification in showing that the computed functions are 
actually invariants. But for « > 1 such a theorem does not hold (cf. foot-notes 
to § 11). However, it appears to be true that the vanishing of the coefficients 
oi t,t'', t'^ , ■ ■■, f^'^ implies the vanishing of the coefficients of the remaining 
powers (the last one being p" — 1). The importance of this conjecture as a 
guide in actual computations is obvious ; its effect on the explicit form of the 
invariant is noted in § 17. 

13. Consider the quadratic form (11) in the GF\_B^'\. Under transforma- 
tion (3), ttj and a^ receive the respective increments B^= — ta^, 8^ = toj -(- fa^. 
Expanding the powers S^ , • •■ , 8* , reducing the coefficients modulo 3 and the 
exponents by means of x' = a; , we write down by inspection (in view of the 

*The residues of maltinoiuial coefiSoients modnlo p, a prime, are obtained rapidly by means 
ot two general theorems given in tbe writer's dissertation, Annals of Mathematics, ser. 1, 
vol. 11 (1896-7), pp. 75, 76. 



(22) 



(28) 
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simple form of 8^) the coefficient (22) of t and the coefficient (23) of f in 
<f)' — 1^, employing the notations (21). 

- aJ4(r2') - a«(l*2') + <a»(l''2») - a»(12*) + ala,{V2*) 
+ a>J(l*2*)-aJ<(l»2*)-aJaj(2»)-aJaJ(12») + aJaf(P2») 
+ a*a*(l»2») + aja»(l*2») - a*{V2') - ata,{V2') - a»a»(2'') 
-alal(V2^)-al{l'2'>)-alal{V2')-alal{12'') + alal{V2'') 
-al{V2'')+ala,{V2^)-alal{V2'') + alat{V2^)-a,al{2») 

- («« + «o«?)(12«) - a.a,(P2«) - a.aj(l»2'') - a,aK1^2«) 

- a,at(l»2«) - %aliV2') - a.aj(r2») - a,al(V2^). 

-al(l')-al(12) + ala,{V2)-a,a,i2')-a,alil2')-a,ir2') 

-a,a.(l«2») + a»(2»)-a«(l»2») + a«a?(P2»)-<(l»2*) 

+ ala,{V2') + alal(V2*)-alat{r2')-alil2')-ala,{V2') 

- alal{V2') + a«oJ(l*2') + a«aj(r2«) + a«aj(l«2») - a» 0^(1*2") 

-a»af(l»2'')-a»(r2'')-aJa»(2') + aJaJ(12^)-aX(l'20 
+ ajal(l*2^)-aj(l»2') + aja,(l''2^)-«jaj(l«20-<af(2«) 

- a»aj(12«) - a»aJ(P2«) - (a» + aja»)(l»2«) - aja.(1^2«) 
a^aJ(l»2«)-o»af(l''2«)-aJaJ(r2»)-a^aJ(l»28). 

We may set 

8 

(24) ^ = X) ^ij ^1 ^2 ( -^'^ functions of Oj ) . 

Since a^ occurs only in the first term of (22) and (23), we get 

A-8«o = (.=1, •••,8). 

Employing these to simplify the coefficient of a\ in the first four terms of (22) 
and that in the first three terms of (28), we get 

These must vanish identically in aj = aj . Hence 

A7«o=0(i=l,3,...,8), ^.3 = 0(i=l,...,7), A„a,-A^-A^=Q. 

Before examining the further conditions we shall introduce a decided simplifica- 
tion. From ^jgO, = 0, A^ = k{^a\ — 1), k a constant. But the term 

Trans. Am. Matb. Soc IS 
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kala\al of 4> is unaltered by transformation (4). Hence Ic is zero unless <f> is 
an absolute invariant. In the latter case, we replace <j) hj <f> — kl, where 
I is the absolute invariant (2). In either case we have A^ = . Then 
A^Ug = (» =^ 0) implies J.^ = 0. For, then A^j = c(al — 1), while ajaja^ 
is not a term oi <f>. If it were, then would a^aja* occur in <f> since <f> must be 
imaltered by (5) and hence by (8') of § 8, whereas A.^ = (i = l, •••, 8). 

We next examine the coefficients of a* in (22) and (23), then those of a' , 
etc. At each step we utilize the conditions previously found. In view of the 
above result and the fact that the binomial coefficients C?^.j (i= 3, 4, 6, 7), 
Og^, Cgjj, Cy, are multiples of the modulus 3, the determination of the coefficient 
of a* may be done readily by inspection. The resulting conditions,* including 
the earlier ones, are : 



(26) 



A,,= 0{i = l,-. •, 8), A,^ =0(i = 1, 3, . . ., 8), A^ =0(i = 1, 3, 5, 6, 7, 8), 
^^=0(» = 1,2,3,4,6,7,8), ^., = 0(* = l,3,4,5, 7), 
^.3 = 0(1 = 1,3,5,7), ^.3 = 0(i = l,2,3,5,7,8), 
J^j = 0(i = l,3,5,7), ^., = 0(1 = 1,3,5,7); 



A^^ A^a^, A^ = A^a^, A^= — A^^a^, A^ = A^a,^, A^ = Ag^a^, 
A^ = Ag^al, A^g = A^al, Af^ = — Ag^al, A^ = — Ag^al, A^ = A^^a^, 

(26) -442 = ^840*, J.gj,= idgjttg, J.,j = j4jiap, A^ag + A^+ Ag^+ A^a^g = 0, 

Al«0 = ^23«0' Al=-^83«0' •421 = ^40«0-^63«S' Al+^SO%+ ^«"'l= ^^ 
^20«0+ Al+ Al + Al«S=0' ^<i3=^««?-^21«?' ^« Al«?' 

A^ + A^al + A^al, A^ + A^+ A^al- A„al = 0. 

We note that each A^. not in the set (25) has a non-vanishing value in at 
least one invariant given below. 

In the notations of § 5, we have here 

(27) e^ + 2ej =2e^ + e^ = d (mod 8). 

Consider first the absolute invariants, so that d= . For Cj = 8 , e^ = or 4 , 
we 'lave e, = , 4 or 8. The value e, = 8 is excluded, since (as shown above) 
aj af al' is not a term of ^ . Hence we may set 

^84 = « +/«o» A^ = l + mal, A^ = \ + fml + val- 



* Those in set (25) and likewise the remaining ones ooonr approximately in the order of their 
determination. Obvions simplifications have been made in th^ latter conditions. Certain con- 
ditions have been omitted as being simple oonseqaenoes of those retained. 
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By (27) the only further non-vanishing Ay are the following, whose values are 
derived at once from the non-identical conditions (26) : 

A5=««0+/«0' ^W=««0+/«0» ^08=««0*+/«?' ^46 = K+/«3» 

-4w=-«+(^-/)aJ-f mag. 

The necessary and sufficient conditions that the resulting function (24) shall be 
unaltered by (6) and hence by (8') are m = e,iJi=— e,v=0. The indepen- 
dent parameters are thus e,f, I. The coefficients of I and f are A^ and A' — A*, 
respectively, where 

(28) A = aj - a„a, 

is the discriminant of the quadratic form. The coefficient of e is 

Q = afa* -f a«a» - a* -f a^a^al + alajal + a*a| 
(29) 

+ «?«t«2 + «*«{«! + «0«?«2 + «0«?«2 - «l + «0«2- 

By way of check we note here the important relations 
(30) Q^-hA«-l = J, QA = 

Next, there is no invariant with c? = 1 (mod 8). Indeed, each of the nine 
-4,,ej for which e, + 2*^ = 1 (mod 8) is zero by (25). There is no invariant 
with d = S; for, if so, its cube would be an invariant with d = 1. Similarly, 
the cases (2 = 7 , (2 = 5 are excluded. 

In an invariant with d = 2 (mod 8), the possible non-vanishing A^^ are 
^20' ^01' ^81. -^62» ^«' ^24» ^os ' ^ow ^g, Is a liucar function of a„ and aj 
by (27). But a^ a\ a^ is not a term of ^ in view of (8'). Hence -4,, = la^ . 
Similarly, A^^ = r + sa* . Then the seven non-vanishing conditions (26) give 



A2=^«0' A5=-^«0. ^24= -^«J' ^4S=-^«0» Al=(^-^)«0-K- 

The resulting function <f) must be unaltered by (8') ; hence s = . The coeffi- 
cients of r and I are A and A* — A , respectively. By cubing, we conclude that 
the only invariants with (Z = 6 (mod 8) are the linear functions of A' and A^. 
Finally, for <f = 4, every A.^ vanishes except J.^, A^^, A^^, A^, A^, while 
A^ = c, -4j, = ka^. The four non- vanishing conditions (26) give 



^02=^0' ^63 = (<'-^)«o' ^06 = (c-^)«: 
For c = ^ = 1 , </) = A''; for c = 1 , * = , </> = A«. 



6 
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Theorem. Every invariant of a quadratic form in the GF[^9'\ is a linear 
function q/"/, Q, A* (« = !,•••, 8). As independent invariants we may take 
Q and A . 

14. The results of §§8, 13 on the invariants of a quadratic form in the 
G'jp'[3"], n = l, 2, may be given a simpler form, better adapted to the exten- 
sion to the case of general n . We set 

(31) J=Q + A'-l{ioTn=l), J"= § + A»-l (forn = 2). 

Then in each case 

(32) JA = 0, J^-J=I, 

as follows from (30) and the similar relations for n = 1. The importance of 
the introduction of the invariant <7 lies in the simplicity of relations (32) and in 
the factorizations 

(33) J=(a^ + l){a, + l){al + a^a,-l) (forn = l), 

(34) J={al+l){al+l){al+a*al+a^a^a\+alalal+alalal-l) (forn=2). 
For general n , the corresponding function is 

(35) J= (al + l){al + 1) | gaja'aj-'-^ - ij, 

where i' = J(3"— 1). The discussion in § 16 will apply here since (28) and 

(35) are unaltered modulo 3 when a, is multiplied by 2. 

15. Consider the quadratic form* in the G^l^p"^, p > 2, 

(36) a„a^ + 2a^xy + a^. 

We investigate the function tAgiven by (35) for v = | {p" — 1 ) • It is obviously 
unalt«red by the substitutions (7) and (8), so that the proof of its absolute 
invariance f depends only upon the verification that it is unaltered by the trans- 
formation (3). Let J' denote the function (35) of the transformed coefficients 
a^, a[, cSj. Here a'^ = a^. A' = A. As shown below, JA = 0, J' A' = 0. 
Hence if A =^ 0, J" = J"' = 0. Let next A = 0, so that a\ = a„ a^, a[ = a'^a'^. 
Then the sum in (35) equals (v + l)ajaj. Now v + 1 = ^p" + 1) ia the 
mark J in the field. Hence the final factor of J" equals ^a^a^ — 1. If a„ is a 
not-square, aj = — 1, so that J= 0, J' = 0. If a, = 0, then a^ = 0, while 

*If we employ (11) instead of (36), we mnst iotrodnce the factor 4* nnder the summation 
sign in (35). For the essentially distinct casep ^ 2, here excluded, see § 11. 

t The existence of an invariant independent of J and A follows from the canonical form theory 
(226). 
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the form a^y^ is unaJ.tered by transformation (3). Finally, let a^ be a square 
4= 0, so that al = 1. Then 

J= (aj + l)(aj - 2), J' = (a- + 1)« - 2). 

Since a^a^ is a square or zero, a^ is a square or zero, so that a^ = 1 or ; in 
either case J= — 2. Likewise J'=. — 2. We have now proved the foUowing 

Theorem. The quadratic form (36) in the 6F[^p'''] , ^ < 2, has the abso- 
lute invariant J defined by (35) Jbr v = i(^" — 1). 

We next prove the following relations, which reduce to (32) for ^J = 3 : 

(37) JA = 0, (J'+ 1)^ = 7+1, 

so that, for the functions obtained from I and J by deleting their constant 
terms —\,the one is the square of the other. We here have 

(38) L = a\-a,a,, 7= «- - l)(af - l)(a^/ - 1). 
Since 0^"+' = a , a simple change of summation indices gives 

JA = P{a,a, - a;;+»a^+> ), P = (a;; + l)(aj + 1). 
Then JA = follows from 

(39) o„^+*a^+*P = («=„''+*+aS**)(«2'"'*+«2"'*)=«+<*)(«*+<*)=«J«2-P 

(fc>0). 
To determine J^, call <t the last factor, J^ — 1 , in (35). Then 

(a^ + l)V^ = {a^/-l + 2(a^ + l)},7^=-(a^/-l)(a5'-l) + 2(a,'+l)«r^, 
since (o^" — 1 ) a = . Modifying (a^ + 1 )^ similarly, we get 

J' 7-2(aJ+l)(ar-l)(a^-l) + 2(a^+l){-(af-l)(a?--l)+2(aS+l)<r'} 

= -7+2P{(af-l)(2-aJ-a^) + 2<7'}. 
Now 

o- = aj- - 1 + ajaj + 2, E = £«j«2<-'*, 

*=i 

'^=- (af -1) + 2(af -l)aja,' + aj''a|- + 2aja^r + T.'- 
Since 27= 2Po-, we have 

7» + 27 7+2P{(af-l)(l-aJ-a,' + a^a^) + i}=7+2Pi, 

X = aja^ + 2aJ-a'/ + 3a-„a^(af - 1) + 4aSa^E + E + ^Z'- 
Hence (37^) will follow if we show that PL = . In view of (39), 
PL = P(3aja^af + 5Z + 2E')- 
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The second member may be shown, by means of (39), to equal 

P(2v+l)(a;;a^a5- + E), 

and hence vanishes in the (?jP[/>"] , since 2i/ + 1 =^". 

16. This section and the four succeeding sections will be devoted primarily 
to the exhibition of a remarkable absolute invariant K of degree /i = ^" — 1 of 
the binary cubic form in the GF\_'p''^ , and to the simple relation between K 
and the discriminant A of the form. Except for the case ^ = 3 (cf . § 9), we 
shall write the form with binomial coefficients 

(40) a„a3* + 3a,a!^y + 3a2a^ + a3y». 

Under transformation (3), a^, a^, a^ take the respective increments 

(41) 8, = to„, S3 = 2toj+«»a„ 83 = 3ta,+ 3<X + i'a,. 
For each term (§ 5) of an absolute invariant <^ we have 

(42) 3e„ + 2e, + e^ = r/i , €,+ 262+863 = 3^ ( r, » integers) . 

The condition that the term shall be of degree /x is r + s = 3 . For r = 3 and 
r = , we obtain the respective terms 

(43) aj, al. 
The general term with r = 1 is 

(44) a\^a\^a'^a\\ 3c„ + 2e, + e, = )t* , ej + 2c, + 8*3 = 2/t* . 
In view of (5), an invariant ^ must be unaltered by the substitution 

(45) aa=— 03, a'^ = %-, a\ = a^, 0^ = — a,. 

For /> = 2 , the signs may be taken positive. For /> > 2 , /i is even, and hence 
Cj, e, are both even or both odd. Further, we cannot have e„ = e^ and e, = e, 
in a term (44). Hence each term (44) of </> is accompanied by another term, 
not of type (44), having the same coefficient as the former. These new terms 
give all the terms of ^ for which r = 2 , s = 1 in (42). 

In all the cases, viz., for p" = 2''(m = l,---,5),3"(n general), 5, 7, 11, 
13, in which I have actually constructed an absolute invariant K of degree 
/t =/>" — 1 , 1 find that the two terms (43) do not occur. Excluding those terms, 
we have the simpler * problem : to construct an absolute invariant K whose 
terms are those given by (44) with suitable coefficients, and those derived by 
applying the substitution {a^a^)(^a^a^). 

* Since the exponent of a, is at most §/i . By ( 41 ), the powers of f', are complicated. 
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The results for the case n = l are very simple ; all the terms just mentioned 
actually occur in IT. The cubic Jbrm with coefficients modulo p, a prime, has 
an absolute invariant K of degree p — \ containing 2k terms, where k is the 
number of partitions oj" p — 1 into Se^ + 2cj + e^. For p = 3 , ^ is given 
by (14). For ^ 4: 3 , the results relate to the notation (40) for the cubic form. 
Then, for p=:2, I[= a^ + a^. For ^ = 5,7,11,13, the expressions for ^ 
fol]ow in that order. The first terms in the parentheses are the terms (44), 
arranged so that if two terms have different exponents to o„, that with the lesser 
precedes, while, if the exponents of a^ are equal the term with the lesser exponent 
to aj precedes. The second term in any parenthesis is derived from the first by 
the substitution {ao%){aiO'2)- 

(46) (a^^+al)-(ay^a^+a^ala^)-(alal + alal)+{a^ay^ + ala^a^), GF[5]. 

^ +3{a,alal + alala,) + 2{a,a,a,al+ala,a,a,)+(alat+atal), GF[7}. 

(aJ''+aJ<')-3(a^a«a3+a„a«a,)-3«a5a|+aJafa,»)+4(a3a*o|+a»a{a^) 
+ (a*alal + a^a^a*) - {a\al + ala^) + 6 (a.alal + aXa,) 

(48) +Q{a„a^alal+alala^a^+5{ay,alal+alalala^)-S{a^ala^al+ala^ala^) 
+5 (ala'.al + ala\al) + 4 (ala.alal + ala^a^al) - (alalal + alajal) 

+ (ala,al + ata,al), (?i^[ll] . 

(af+a|*)+5(a^aj'>a,+a„a;»a,)+5(aja«a^+aja«a^)-6(aja«a^+a»a«a^) 

+6 (ata*a*+aXan+2(aK«H«X«3)+2 («XM+«o«f«2)+(«M+«W) 

(49) ~^("o92«3+«o«?«s)+2(ao«i«2«s+«o«I«««s)-3(ao«?«2«3+«J«?"2«s) 
+S{ay^alal+ala\ala^)-8{a,a\ay^+ala^ala,^)+4(ala^alal+ala*a^al) 
-B {alalalal + alalalaD + S {alalal + alalal) -6 (alalal + ala\al) 
+2{ala,a,al + ala,a,al) + {alal + alat), GF118]. 

17. For a cubic form in the GJF\^p'''] , «> 1, the invariant IT of degree 
M =^" — 1 does not involve all the terms (44). Indeed, when the multiplica- 
tive constant is suitably chosen, IT is identical* with ^^, so that a term (44) 
occurs in ^only when 

(60) lp*e,] + ip*e^] + [/cj + lp'e,]=.^. (t-i, •• , „_i), 

where [as] denotes the least positive (or zero) residue of x modulo /(i. Inversely, 
£ contains every term (44) satisfying conditions (50). In exhibiting an 
invariant, we enclose within a parenthesis terms derived as follows : first a term 
(44); then in turn its ^th, (p*)th, ■• •, (^"-')th powers, when they are distinct 
* The explanation of this property appears to lie in the (act noted at the end of § 12. 
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from the first term ; finally, the terms derived from the preceding by the sub- 
stitution (ao^s)('''i'^2)' when they are distinct from the preceding. 

18. For a cubic form in the (r^[2"], the absolute invariant JT of degree 
2" — 1 contains exactly 2" terms. We exhibit K for n = 6, arranging the 
terms as explained in §§16, 17. 

(51) («.+ «.), GFm. 

(62) {a\ + a\) + {a,a\ + a\a^), QF\^-\. 

(63) (a^ + aJ) + («0«2«3+«0'^2«3 + «J«2«3+«2«J«3 + <*J«l«S+«0«?«3)' <^^[8] • 

(64) + a,ay^ + {a^a\a\a\ + a\a\a^a\ + a\a\a\a^ + a\a^a\a^^ + {a\a}:^ + a}^a% 

(af + aj') + («„«f a^ + ay^a^ + aja>»a« + a^a^aj" + a\' a\^a, + a^^f «3 
+ a\afa% + a^aj'a* + a>^a\a\ + a,a|*ai«)+(a,afa|*a|+a§atai''a|+ajafa3ai« 

(66) + a\ aj« a* a, + a'* a, aj^ a| + a\ af*a| a, + a^a;' a\a\ + aisafaSa* + aoa^ai^osl 

+ «S «P«2«3'') + («0 «J*«3" + «r«2«3'' + «f «2«l + «'o«2«3' + «J'«i«S+ «J»«l««| 

+ ajo a, a>« + a\ a\ af -f aJ8 a\ a| + a» af a>^ ) , G^i^ [32] . 

19. For the cubic form, with coefficients in the GF\Z'^'\, 

(56) a„a5* + a^7?y + a^xf + a,!/*, 

we can determine immediately the absolute invariant K of degree 3" — 1 in 
terms of the absolute invariant P, given by (9), and the discriminant A of 
(66), viz., 

(67) P = (af-»-l)(af-i-l), A = afal- a,a^ - aja,. 
In fact, the invariant K is simply the reduced form of 

(68) K= A^*"-*'^ - P + 1 . 

The reduced form of K depends upon the character of the product 

»— 2 

(69) 7r-A3"-S TTsnA"'. 
But in the GF [3"] , we have 

A»' = (a,a, )''•»' - aXaf^ - a%af\i < « - 1) , A»''=' = (aiaj)'-^- _ af'a^ - af^a^ . 
Now every term of the expanded product ir is of degree 

n— 2 

4I33' = 2<;, rf = 3"''-l. 
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Further, ir =l^ {a^a^y + a , where each term of a is of degree higher than d in 
one of the letters a,, a^. Indeed, if we employ either of the last two terms of 
A**^ the resulting term of the product tt is of degree = 3"~^ in a^ or a^ . Hence 
the statement follows by induction from w — 1 to w. 

It now follows that, in the complete product (59), a term is exactly of" degree 
3" — 1 if one of its factors is chosen from the last two terms of A'*"'. Finally, in 

every term, except the first, is of degree higher than d + 2- 3"""* = 3" — 1 in 
one of the letters a^,a^, and hence admits of a reduction in total degree (by 
means of the equation a^ = a, satisfied by eveiy mark of the field) from 
2d + 4 3"-» = 2(3» — 1) to 3"— 1. The exceptional first term cancels a 
term of —P. Hence every term in the reduced form of the absolute* invariant 
(68) is of degree 3" — 1 . 

In the expansion of (59) no two terms have the same set of exponents, so 
that there result 3" distinct terms, no one identical with af-^ (j ==^ or 2 ) . 
Hence the reduced form of (58) contains exactly 3" + 1 terms. For n = l, 
they are given by (14) ; for ra = 2 by (75). For « = 3 , I have verified that 
the terms of JE" obey the laws stated in § 17. As these (empirical) laws were 
formulated from another standpoint (and in fact prior to the investigation of 
the present case ^ = 3), we have independent evidence of the validity of the 
conjectures. 

From (67) and (68) we deduce immediately the important relation 

(60) ( A(»'+'>'^ - A ) ir = . 
Indeed, AP = , so that 

AJr= A('"+*>'^ + A , A<'"+"^jr= A»" + A<'"+»)^ , A*" = A . 

20. The discriminant of the cubic form (40) in the (ri^ [/>"], ^ ^= 3, is 

(61) A = -. Salal + Aa^ a» + 4aJ a, — Qa^ a^ a^ a, + a\a\. 
Now the invariants K, given by (46)-(49), satisfy the relation 

(62) (A<^'+*)^-€A)Jr=0, e=(-3)<^-'>^, 

« being +1 or — 1 according as — 3 is a square or a not-square in the 
G^J^[j>"], p>Z. If we define A to be the function (61) multiplied by — 3 
(or by — 3\'' , \ any mark 4= ) , relation (62) is replaced by the simpler relation 

(63) ( A(^+»>^^ - A ) J5r = . 

* Under a transformation of determinant D, the discriminant A is multiplied by D", eo that 
A(3*-i)/2 ig an absolute invariant in the (?J''[ 3» ] . 
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Theorem.* If the indeterminate constant factor in the discriminant A 
of a cubic form in the 6^jP [/)"], p'>2, be chosen so that the coefficient of 
al al is a square in the field, then A and the absolute invariant K of degree 
p" — 1 satisfy the relation (63). 

21. Consider next invariants of the cubic form (66) in the G'i''[3'']. 
Under transformation (3), the increments to a^ and a^axe —ta^ and ta^+t^a^-\-fa^, 
respectively, while a^ and a, are unaltered. The case » = 1 was treated in § 9. 
Let here w = 2 . Then the coefficients of t and f in <}>' — <f) give the respective 
annihilators : f 

-a,(2) + a,(3) + a„af(2»3) - a?(2'3) + aj a,(2«3) - ajaf (2^3') 
-a,aj(2*3^) + (a„aja,-a0(2»3^)-ala,(2«3^)-ala^(2'3^)-a^(3») 

- a* (2' 3') + aja»(2''3') + a»a»(2''3') + ay, (8*) - a\{2S*) + a»a,(2'3*) 

- a,alal{2'Z*) + a\al{2*S*) - aj(aj + a*)(2»30 + «JaI(2''3*) - a?ala,(2'3«) 

(64) + a,al{2W) + {a^ - aja,)(30 + (a^y, - aX)(23») + (aX + «t«J)(2'3') 
+ {alalal - a,af)(2«3») - a>»(3«) - a»a;(2*3'') - af a«(2'3«) 

+ {alalal- al)(2'S') - ala\{2'S') - a\al(2»S') + (aX- ala\){B^ 
+ (aXa, - alal){2B^) + {a^al - ay^ + a,o«)(2^30 + (aK«^ " <X^'^1 
+ ia*a,al - ala\al - a^ -a.aDi^') ' 

- aj(2') + ao(3) - a? (23) + a?a,(2*3) + a,a\{2'S) - a,a.,{Z^) - a,ai (23^) 
-, a^af (2»3^) - a,al{2'B^) + {a,ala^- a,){2'S^) - a,a^{2^8-') + <4(3») 

(65) + ala\{2n^) - a\{2'S') + af al(2»3') + ala,{S*) - ala,al2Z') + ao«?(2'3*) 

- al(2'30 + a\a^{2*8*) - a,a\a\{2'8') + alal{2''Z*) - {a*al + alaj)(2'30 
+ aX(2'3*) + {a%al - a,aX){8') + {a,a\a^ - af)(23») + {a,a\al - a;a?)(2»3») 



* If, instead of the mere verification of this theorem for the oompnted invariants K, we had a 
direct proof, it would be of decided aid to the computation. We may compute K by means of 
(63) alone. For example, let p'' = 3', and give K its necessary form (75) with the four paren- 
theses multiplied by 1, m, «, r, respectively. In ( A» — A )jr, we readily find that the factor 
of aj is (g — r)o„aJoJ— («^-m)aJa5, while the terms independent of a, and a, are 
(« — l)(a5aj — ajoj)' Hence — ni=r = « = l. 

In general, tjie labor of determining the high power of A would be great. "We may, however, 
employ only the first two terms of (61) and so readily compute the terms of (63) independent of 
Oj. We thereby get the coefiSoients of the terms of ^ independent of <ij. The ooefiBoients of the 
terms involving o, to the first power are then either known or else occur in the terms involving 
oj ( e ^ 2 ) , in view of (45) . The work with the annihilators is now greatly simplified. It suf- 
fices to find the coefficients of aj, •••, oj, aj, in turn, where r is the greatest integer in 
2/3 ( p» — 1 ) . We need only a part of the annihilators ; for instance, the derivative with respect 
to Oj need not be of order higher than r — 2. 

t We have omitted the terms (2*38), »S1, (2'3'), tS4, (2'3«), t = 2, 4, 5, 7, 8 (which 
have long coefficients), since they have no effect upon a function satisfying (67), the binomial 
coefficients C(i(i = 2, 4, 5) being multiples of^3. 
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+ (a»a| + ala\ - ata<la^){2'B') - a«a,( 23*) - a[(4{2^Z') - a»aj(2*3'') 
- a?a^(2»3'') + (aK«2 - af)(2'3<') + (a'a^ - ata^{S') + (ajoj + ajaj)(23') 
+ (a„a?a« - a»a«)(2^3') + (alala., - aja«)(2'3^) 
+ (ajafaj — a' a* — aoaja* — aia^)(3*). 
We may set 

0, ...,8 

(66) ^= ^ JB..a^„ai (fi'sfnnctionsof Oj, a, ). 

<>i " 

Since a\ occurs only the first term of (64) and of (65), we get 

i5^a, = (i = l,..,8). 

In view of these relations, a\ occurs only in the first two terms of (64) and the 
first two terms of (65). The resulting sets of conditions react on each other 
and give the first two conditions (69) and 

5^ = 0(i = l,...,7), 5„a^ = 0(t = l,4,5,6,7,8), 

together with B^a^ = . From the latter and B^a^^ = follows 

B^ = h,r, ,r^(a«-l)«-l). 

Hence on replacing <^ by <^ — hi, when / is the absolute invariant (2), we have 
-Sgg =0. If both B-jtt^ and B^a^ vanish, then B^ = en-, and hence B^ = 
in view of (16). 

We consider in turn the coefficients of a| , • • • , ^3 in (64) and (65) and finally 
the terms * independent of a, in (65). The process of writing down the two coeffi- 
cients of al is simplified by holding in mind those of the relations (67) and (68) 
which have been found in the earlier steps. The two resulting sets of condi- 
tions react on each other very considerably, and some further simplifications 
result from the earlier conditions. The final results are as follows : 

(67) 5^=0 (i=l,..., 8), 5,^=0 (i=l, 4,... ,8), 5.,=0(i=2,3,4,5,7,8); 

(68) 5.,a. = 0(i=l,7,8), 5.,a. = 0(^ = 5, 7), 5.,a, = 0(i = 3, 5, 8); 
together with the set of conditions, referred to as (69): 

^37«U=-^66«f' ^27«0=^56«1' A7«0=^36«f' ^15 «1= "-^08 «0 ' ^S5«?=^08' 

•Those in (64) are not required in 'computing the invariants ; they were determined directly 
for each invariant and foand to vanish, thus giving a check. 
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B^^al = B„, B^^a^ + B^a^a\ + B^al = 0, B^^a\ = - B^^a^, B„ = B^X, 
^4 = ^26«o - ^84«o«?' ^04 + A, + B^a, - B,,al + B^a\ = 0, 

^64«0«1 = As^l + -^06«0» ^56=-S84«0' ^6 = ^74 «0 + ^84«f ' S,, ^ B^,a„ 
Ae = ^4 «0 + ^83 «? ' ^16 = ^44 «0+ ^3 «1 ' ^0« + -^86 = ^34 "o" ^44 «l + ^63 «f » 
^76 = ^24«0 - ^53 «? - ^08 «0' ^66 = ^4^0 " -^^.a? - 5« «? - ^os^l' 

^04«0 = ^S,"l + ^26«?«f - ^66<^ A2«l = ^M^O' ^22«1 As^O' 

^42 «l = - ^66«1 - ^08 «f' As = - A2«l' ^5 = " ^2 «N ^6* = A2«N 
^72=^sA^ A2=Al«l + -S,4«0' A2=-S64«0+A7«l-Al«l' ^2= A4«0+ 527«J. 
^2 = Al«l + ^4^0' ^22 = -^34 «0 + ^07 «l' " Al «1 ' ^2 = -S24«0» 

^2 + ^2 = Ai«i - ^72%< + -S^,a^ A2«o«i = ^4^0+ ^sA'^l - -^n«i' 

•^54 = -^82 «0 ' -^44 = -^72 «0 ' "^34 = "^62 "^0 " "^84 «0 <^! ' "^24 = ^62 % " "^81 <^f ' 
A4 = A2«0-Al«l' A4 + A4=A2«0-Al«l-^27«1' -S„ = -B^^ «„ + 5^1 «,% 
■^64 + ^2 «f = ^2 «0 + -^41 «? ' ^12 «1 = ^02 «0 + ^1 «? ♦ ^63+ "^81 «'o+ ^2 «1 = <^ ' 

■S43+Ai«o+A2«i=0. ^33+^ei«o-Ai«f=0, ^j3+Aiao+-S3„af+53,aJ=0, 
5,3 + B,,a, - B,X + B,,al = 0, B,, + B^+ B,,a, - B,X + B^al = 0, 
5„ + 5j,a„ + B^^a^ - B^al = 0, B^+ B^^a^- B^,al- B^a^- B^al = 0, 

The general term of <^, in the notations of § 5, is 

(70) al'al^al^al', 3e„ + 2e, + e^ = cZ, e, + 2ej + Scj = d (mod 8). 

For use in the later cases, we first determine the absolute invariants, viz., 
those with cZ = . If B^^^ a, = , then e, = 0, and hence i5 = unless 
Cj = 2ej (mod 8). Hence by (68), 

(71) B^^=B^=B^=B,^^B^=B,,^0, B,,=cal{al-1), B,,=]caJ,a\-\). 

Yov\B^ , c, = 7 , e,, = or 8 ; but a\ a\ does not occur in view of (16) since 
J?jg = . Hence B^ = ra\, r a constant. Then B^ = ra\ , B^ = — ra^a\ , 
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etc., by (69). But A* and A* are absolute invariants, A being the discriminant 

(57), and 

(72) A« = a|a? + al{alal - a,alal) +■■■. 

Hence if we replace (j) hy cf) — rA' , we may set r = . Hence, by (69) 

C^^) ^08' ^W -^37' ^56' -^46' -^M' As' -^65' 

^M' ^44' As' ^22' ^«' Az' Ai ^ vanish. 

Now <j> must be unaltered by substitution (16) and hence by (a„Oj)(aja2), 
since c„ and e^ are both even or both odd, by (70). Thus, from (71), 
jBg3 = ca'aj. Note that from B^., =— cajaj, we can conclude initially only that 
Bjf = — caj + pal (4, but subsequently that p=0 since Bg, = . In this way 
we readily find that conditions (69) are all satisfied if and only if, in addition to 
(71) and (73), the following relations hold : 

Bfa = calal, B„3 = — calal, B^ = kala\, B^i = — kala\, B^= — ca\, 
Bn= — ca\a% B„= — calal, Bit= — cal, Bu= ca^a\, B^i = cajai, 

B^ = ^^aj, 5,1 = — ka^a\, k = c, B^i = ^31 = 5„ == 0, ^34 = caJaJ, 
5g3 = cajaf , ^5, = — calal, B^ = wal (to new parameter), B^ = wajaf , 
5o4 = — wa\, ^40 = — waj, 5,i = — (A + M))aJaJ, ^33 = — (* + M))aoai, 
5gi = wai, 5,0 = waooj, ^20 = -B50 = ^80 = B^^ = ^^ = , 
5so = ^(fl^ — 1) — to(Z new parameter), B^ = — {w + l)a\ + constant. 

For convenience, we take the constant in B^ (the absolute term of <^) to be Z . 
Then there are three independent parameters w, I and c = A;. The coefficient of 
the latter is the negative of the absolute invariant (of degrees 24, 16, 8) : 

W= alc^^al + a\{— al{cfij, — \)al + alal — a\a\a\ + aja« } + ala^a^ 

+a^(a^a5— aK«2+«o«2— «o«i«2) + «3{— «W(<4— 1)— «o«i«2+«o«i«2+«oaia2} 
(74) 

+a\{— alala\ — a„(a; — 1 )a| + o^aa + aja? } 

+a^ {— alc4{a\ — 1 ) + a^a\a\ — a^a^al + alala^}. 

The coefficient of I is the invariant P, given by (67). The negative of the 
coefficient of w is the absolute invariant of degree 8 (see § 19) : 

(78) ^=ajaj+a^(a(,aia|— aJa2)+a3(aoaJa2— aia5)+a|+ajaj— ajajal— aoajoj+oj. 
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Now ^ = A'' — P + 1 , in agreement with (68). Hence, the absolute invariants 
are the linear functions of I, P, W, A*, A*. The system should be closed also 
under multiplication. In verification, we note the relations 

r = I, IF=I, /TF=0, /A = 0, JP' = P, PW=0, 
(76) 

FA = 0, W' = W, WA* = W. 

Let next d=l (mod 8). Then B^^a^ = implies B=0 unless e^ = 26^ + 3 
(mod 8). Hence the B^ in (68) all vanish. For B„ , e, = or 8, e^ = 5 ; but 
alal does not occur in view of (16) since Bg^=0. Thus 5jj, = ca* . Also 
B^^ = ral al . But one of relations (69) is B^^ af = B^ . Hence B^ = B^ = . 
In view of relations (69) and the invariance* of <^ under (16), we readily find 
that the only non-vanishing B^ are the sixteen for which i,j range over the 
exponents of a^, a^ in the following invariant, the value of B^ being the product 
of a fixed parameter I by the coefiicient of a' a^ : 

alalal + a^(aja,a| — alafal — a^al) + aKala^al — alafa^) 

(77) + al{— alal — alalal — alaj -f <affl^— a^aja^+a^af ) + af(— a^al) 
+ a3{alal + ala\al + alal), 

which equals - E\ E being given by (10). By (82), ^' = AE. 

For c? = 3 (mod 8), we conclude that E is the only invariant. Indeed, the 
operation of cubing is uniquely reversible in the GF [ 9 ] . Similarly, the case 
cZ = 2 reduces to the case (Z = 8 , and <? = 7 to cZ = 6 . 

For cZ = 6 (mod 8), we may set B^ = ha\a\. Then B^ = Ica^aX, etc. If 
we replace </> by <^ + ^A W, where 

(78) ATF= a\{-a\aX) + a\(a\a\c?,- a\a\a\ - a\a,) + • • -, 

we may set ^ = . The resulting invariant is easily found to be a linear func- 
tion of A and A°. Hence for (2=2, the invariants are the linear functions of 
AS A'and A'Tr' = A'TT. 

For (2=4, we have B^ = da\(j?^, B^==da\a\, B^ = — cZaJOj, B^ = dala[, 
etc. We replace <^ by ^ — rfA^ W, where 

(79) A^TF'= ala*,a{ + al{-ala,al + alalal + ala\) -f • ••, 

and hence may set d= 0. The resulting invariant is readily found to be a 
linear function of A' and AS 



* Here a more exacting condition than for di^O. Thna B,i ^BiOoflJ yields ni = 0. 
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For d = 5, we have Bjg = ra^a*, B^=ra^al, Bgj= —rala\, etc. We 
replace <^ by (^ — rA^£J, where 

(80) A'^ = al «„ al + ali a, a{al - a] a'j a|) + • • • , 

aqd easily find that the resulting invariant vanishes identically. Then for 
d=l, the only invariant is (A'^)* = A^JS, by (82). 

Theorem. The cubic form (57) in the GF [9] has exactly 18 linearly 
independent invariants. These may he taken to he 

(81) /,P,A*(i = l,...,8), A'F;A^^(i=0,l,2,3). 

The product of any two invariants can he reduced to a linear function of 
these 18 invariants hy the application of relations (76) and 

(82) IE = PE=(i, WE=E, E^ = AW, A'E=E, A» = A. 

22. The invariants / and P of the cubic form in the (t-F'[3"] can be 
expressed in terms of a single invariant F. Thus 

(83) F = J+P, J=F-r% P=.F^ 

For « = 1 , W-= W by (19). For w = 2, we have, by (76), (82), 

Tr=FA* = ^^A». 

Hence we have proved, for to = 1 and « = 2, the following 

Theorem. The invariants of the cuhic form in the (?P[3"] are all 
rational integral functions of the three fundamental invariants T = 1+ P, E, 
and the discriminant A, where I, P, E, are defined m §§ 1, 3, 4. 

23. For the cubic form in the GF12'''\, the power 2"-* of the discriminant 
alal + a\al gives the invariant 

(84) D = a^a^ + a^a^. 

The eliminant E (§ 4) is a^a^Tr, where for ra = 1 , 2, 3, respectively, ir equals 

i:«p z«? + i?(«o+«3). 2:«i + >■+/*, 

\ being the expression in the second parenthesis of (63), and 

fi = aiC^a^ + a^aiolal + ala^al + o„.aJa2 + alala^a^ + ala^al. 

Thus a^a^n = a^a^X. Hence, in each case, E= DK, ^being given in § 18. 

For n = 1 or 2, every invariant is an absolute invariant. This is evident 

for n = 1 . For w = 2, we add the congruences (70), the modulus now being 
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3 ; there results = <? (mod 3). By use of the annihilators, I have found the 
invariants 

(85) H^^^ = a„ + ttj + a^a^ + a^a^ + a^a^ + a^a^ + a^a^, 

(86) Ii„^i = Co + as + a„a? + Uoul + Uoul + ala^ + ala^ 

+ alttj + ala^a^ + ajOjaf + aoaia^aj, 

and have proved that, for w = 1 , 2 , every invariant is a rational integral func- 
tion of D, JST, a. In particular, an expression for (2) is 

(87) 7=(2)''-l)(^''-l)(i?''-l), M^2"-l. 

For n = 1, every invariant is a linear function of D, JE", R, DK^ DR. 
Any relation between these follows from Kit ^0, iy= D, K^ = -ff", Ii^ = Ii. 
For w = 2 , the 13 linearly independent invariants may be taken to be 

(88) K, *2>S ^, l>Ii, jyK (f=i,2, 3). 
Any relation between these (absolute) invariants follows from 

(89) KE = (i, K^ = K, {DEf = DR, D' = D, R*=R. 
For a proof that D, R, ITaxe independent, see §§ 27, 28. 

24. For the cubic form (40) with the integral coefficients modulo 6, the only 
invariant with <Z = 3 (mod 4) is the eliminant, given by § 4, 

(90) F= al{2ala^ — la^al) + a|( 2ao % a| — 2a5 Ci ) 

4- ai{aua\ + 2ala\ — ia^ala^ — a„aj); 

while AF is the only invariant with (^ = 1 . The only (absolute) invariants 
with c? = are the linear functions of I, A^, A*, K, A'JST, where ^ is given by 
(46). The only invariants with d = 2 are the linear functions of A, A', AIT. 
The ten linearly independent invariants of the cubic form (40) in the 
GF [ 5 ] may be taken to be 

(91) I, F, AF, F, AF, A'K, A, A^ A\ A*. 

Any relation between these follows from 

r = I, IF=IA = IF=0, F^ = A-A^-AK, A^F F, 

(92) 

KF= — F, IO = K- A^ + A\ A^F=-AK, A» = A. 

25. For the cubic form (40) with integral coefficients modulo 7 , the non- 
absolute invariants have (f = 3 ( mod 6 ) . Indeed, if we add the congruences 
(mod 6), analogous to (70), we find thfit = d (mod 3). 
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The only invariants with d = S (mod 6 ) are the linear functions of £J, AJEJ, 
and A^JS, where the eliminant £J is (end of § 4) 



(93) 



B= al(8al) + al{2aital— 8ao«i«2) + a|(«o«2+ ao<^i<4 — 3«o) 



(94) 



+a^(5aoaiaJ+3aJa,a2— a^af)4-a3(aoa|— 2aja|— ajafa|4-2a^aja2— ao'J'i)' 
The absolute invariants are functions of A, IT, given by (47), and Q: 

Q=a^(2a^) + a:^(6ao«i«2+3a5)+a^(aoa|+aX)+a3(2«i«2+3ao«ia2+4a|ai) 
+aly2al + ialal + 3a? af a| + a«at«2 — aj + 2a§ - 2 ) 
+a3(a5a,a5 — aoai«2 + 2a5o|— ajajaj + ajaf ) 



-a^aj 4- 2a„alal + 3a^a| + aoaJa| + 2ala\a,2 + 2a§af — 2ai 



7%e sixteen linearly independent invariants of the cubic form (40) in the 
GF\l'\may he taken to he 

(95) E, AE, A'E, Q, Q\ Q\ A' (i = 1, •.., 6), A^A-(j= 0, 1, 2, 3). 

Any relation between these follows from 

A^E=E, Eq = (i, EK=-E, Q* = 3A»-3A'-§, QK^Q, A^=A, 
A*K=AK, A§ = 2A'-2A% A'==^+A«+A', ^' = 2AJr-2A*-2A. 

The invariant (2) has the following expression : 

(97) 7=^ + A'A'-^+2A«-3A' + l. 

26. The following tables give a complete set of (non-equivalent) canonical 
forms of binary quadratic forms in the 6E[p"'\ and the values of the inde- 
pendent invariants for each canonical form : 



(96) 



^ > 2 (invariants, § 15). 



p = 2 (invariants, § 11). 



Canonical. 


V 

1 



J 


x' - vf 
xy 
x' 





-2 


vy? 








Vanishing 





-1 



Canonical. 


a^ 


/ 


K 


35^ -f 351/ + Cf 

xy 


1 
1 









1 





Vanishing 





1 






Here v denotes a particular not-square in the GF[p'''\,p>2; while c is a 
particular solution oi c + c^ + h c=^'' = 1 in the Gi^[2»] . 

Trans. Am. Math. Soc tO 
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27. As a complete set of (non-equivalent) canonical cubic forms in the 
GFlp'^i we may take 

fiC, ^Q, fixy(x + y), a^y, /3a:?, vanishing form, 

where C and Q are any particular irreducible cubic and quadratic forms, e. g., 
C = 03* — xy^ + ry^, for a suitable value of t, and (§ 26) 

q = x^-vf (/>>2), Q = a? + xy + cf (^ = 2); 

while /3 = 1 if^" = 3"or 3Z + 2; /3 = 1, e, €*, if ^J" = 3/ + 1, e being a prim- 
itive root of the field. 



(yi^[ 2] (invariants, §23). 



Canonical. 


D 


B 


K 


aj' — xy' + y^ 


1 





1 


xix'^ + xy + f) 


1 








xy{x + y) 


1 


1 





^y 








1 


a? 





1 





Vanishing 












GF['2?'\,i^ = i + l(mod 2) (§ 23). 



Canonical. 


D 


R 


K 


P{7?-xf + f) 


^ 





/3 


^x{x^ + xy+ iy^) 


i^ 


i^yS 


i^/3 


fixy{x + y) 


^ 








^U 








1 


/3a;' 





/8 





Vanishing 












GF{Z^-\,n 


= 1, 


2 (§ 22). 


Canonical. 


A 


E 


r 


a^ - xy^ + f 

x{x^—vy'') 

xy{x + y) 

x^y 


1 
1 




1 











x' 








1 


Vanishing 








-1 



G^i?'[6](§24). 
Canonical. 



a:? — xy* + 2y^ 
x{x^-y) 
xy{x + y) 

^y 

x" 
Vanishing 



A 


K 


I 


2 


-1 





-1 








2 


2 








1 




















1 



E 



1 









28. An inspection of the tables §§ 26, 27 shows that all the invariants given 

are necessary to characterize the canonical forms (since if one invariant is 

omitted, the others have equal values for some two canonical forms), and that 

no invariant is a rational function of the others (since any one takes different 

values when the others are equal). The only exception to these statements is 

the case of invariant E of the cubic form in the (?i^[5] ; the characterization 

is complete without F; but the independence of F follows from the weights 

d (§ 24). 

The University of Chicago, 
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